We study propagation of waves and appearance of caustics in k-essence and galileon theories. First we show that previously known solutions for travelling waves in k-essence and galileon models correspond to very specific fine-tuned initial conditions. On the contrary, as we demonstrate by the method of characteristics, generic initial conditions leads to a wave in k-essence which ends up with formation of caustics. Finally, we find that any wave solution in pure k-essence is also a solution for a galileon theory with the same k-essence term. Thus in the Horndeski theory with a k-essence term formation of caustics is generic. We discuss physical consequences of the caustics formation and possible ways to cure the problem.
Introduction
Scalar fields play a crucial role in modern cosmology and modified gravity. The early and present day accelerated expansion of the Universe are often attributed to the presence of a scalar field, which drives the acceleration. An introduction of a scalar field is also a simple and natural way to build modify gravity models.
The simplest scalar field model is a canonical massive scalar field, described by the Lagrangian 1 ,
A simple generalisation of the above Lagrangian is to replace the standard mass term by an arbitrary function, i.e. to consider the following Lagrangian,
This type of Lagrangian has been popular in the literature for some time by the name quintessence as a model to explain Dark energy [1] . A further generalization of the scalar field Lagrangian leads to so-called k-essence models, whose Lagrangian is an arbitrary function of the standard kinetic term X ≡ 1 2 (∂ µ φ∂ µ φ) and the field itself, L = L(X, φ)
In the cosmological context this type of Lagrangian has been suggested in [2] as an inflation model and in [3] as a Dark energy model. The k-essence Lagrangian leads to second-order quasilinear equation of motion and no dangerous Ostrogradski ghost is present in the theory, since only up to second-order time derivatives are present in the equations of motion (see a relevant discussion, e.g. in [4] ).
The k-essence model is not the most general scalar field Lagrangian, leading to the second order equation of motion. In fact the most general Lagrangian, yielding second-order equations of motion (both in metric and the scalar field) are found by Horndeski in [5] and then rediscovered later in other works [6, 7, 8] . The Horndeski Lagrangian contains, apart from the first derivatives, also the second derivatives of the scalar field, i.e. it has a form L = H(φ, X, ∇∇φ),
where the precise expression for H is given later in the paper 2 .
The k-essence model, and more generically -the Horndeski theory, has a peculiar property: the speed of propagation of the scalar field perturbations does not coincide with the speed of gravity. The reason is the non-linearity of the equations of motion. Indeed, for the canonical (1) or the quintessence model (2) , the speed of propagation of perturbations coincides with the speed of gravity, because the equations of motion are linear. On the contrary, for the k-essence or the galileon, the kinetic matrix for perturbations depends on the background solution, and therefore in general the speed of propagation is not equal to 1. It should be noted that both sub-and super-liminal propagation of perturbations may exist, depending on the model and the background solution. As it was argued in [17, 18] , this does not necessarily lead to the acausality problem in k-essence. Similar arguments can be given for the galileon model [19] .
In [18] it was noted that for any non-linear pure k-essence model, L = L(X), there are always two separate plane wave solutions,
with f 1 and f 2 being arbitrary. This result has been obtained under the assumption that the metric is Minkowski and non-dynamical. Note that each of these solutions is also a solution for
2 Note that although usually higher-order equations of motion mean the presence of the Ostrogradski ghost, as happens for example for a theory L ∼ ( φ) 2 (see [9] for cosmological applications), there are theories beyond Horndeski, which do contain higher-order derivatives in the equations of motion, but nevertheless do not contain extra degrees of freedom [10, 11, 12, 13, 14] (see also [15] and [16] ).
the canonical scalar field L = 1 2 (∂φ) 2 , and moreover, the general solution in 1 + 1 dimensions for the canonical scalar field is the sum of f 1 and f 2 . Due to the non-linearity, f 1 + f 2 is not a solution for k-essence in general.
A similar result holds also for the galileon field, as it has been shown in [20, 21] : a subclass of the galileon model supports travelling waves (on fixed Minkowski spacetime), i.e. solutions of the form (5). This result has been later generalised to the case of the most general Horndeski theory with a dynamical metric [22] .
In this paper we study in detail propagation of waves in the the shift-symmetric k-essence and galileon models in 1+1 dimension spacetime. We first show that in the case of the kessence theory (3), the travelling wave, Eq. (5), is not a generic solution and it corresponds to very particular initial conditions. On the contrary, as we demonstrate by using the method of characteristics, a generic wave solution in k-essence does not keep its form when propagating and eventually leads to the formation of caustics 3 Finally, any wave solution for the pure k-essence model L = K(X) in 1+1 dimensional spacetime is also a solution for the shift-symmetric galileon model L = K(X)+H(X, ∇∇φ), where H(X, ∇∇φ) is the most general shift-symmetric Galileon Lagrangian containing second derivatives 4 . We discuss the obtained results and outline open issues.
Dynamics in two dimensions and characteristics
A general action for a shift-symmetric scalar field k-essence reads,
where X ≡ 1 2 (∂ µ ϕ∂ µ ϕ) is the canonical kinetic term of a scalar field. Eq. (6) is invariant under the transformation ϕ → ϕ+const, hence the name "shift-symmetric". The simplest example of the above k-essence action is the standard massless scalar field with L(X) = X. In addition, through the main part of the paper we assume that the metric is flat and nondynamical, therefore the only dynamical variable in the theory is the scalar field. In this case the equations of motion for the scalar field is linear, while for a generic L(X) the equations of motion is nonlinear. Variation of (6) with respect to ϕ gives equation of motion (see e.g. Ref. [28, 18, 29] 
3 In [23] it was shown that caustics are formed in a specific non-canonical scalar field model, the Born-Infeld field theory, due to the fact that there is a regime for which the Born-Infeld scalar field behaves as dust, see also [24] .
Here, however, we show that the caustics is a generic feature for all k-essence models, independently of whether they behave as dust in some regime or not. Other theories, which are known to have the problem of caustics include ghost condensate [25] and the Gauss-Bonnet theory [26] (see discussion e.g. in [27] ). 4 With this requirement we exclude the k-essence term from H(X, ∇∇φ), but allow all other shift-symmetric galileon terms. So that in the Lagrangian the k-essence term is presented solely by K(X).
where the subscript denotes the corresponding derivative, i.e.
To simplify the study, we restrict ourselves to the case of two-dimensional motion, i.e. ϕ is a function of the time coordinate t and one spatial coordinate x. Taking into account that the equation of motion (7) does not depend on ϕ explicitly, it will be convenient to define the following variables,
where dot denotes derivative with respect to time and prime is the derivative with respect to x. The consistency
requires the following relation to be hold,
In terms of the new variables (8) the kinetic term reads, X = 1 2 (τ 2 − χ 2 ). Using (8) and (9), Eq. (7) can be rewritten in the following form,
where we defined,
It is easy to see that in the case of the canonical scalar field, L = X, the above equation takes the formτ − χ ′ = 0, which by substitution of (8) assumes the form of the wave equationφ − ϕ ′′ = 0. In general, however, the coefficients A, B, C are functions of τ and χ.
We will study (10) by the method of characteristics 5 . First, let us consider an arbitrary smooth curve in the (x, t) plane, with a parameter σ along the curve. The derivatives of the coordinates t and x along the curve we denoted by t σ ≡ dt/dσ and x σ ≡ dx/dσ. Then we can easily compute the derivatives of τ and χ along the curve σ in terms of x σ and t σ ,
Using (12) (and assuming non-zero t σ and x σ along the curve σ) Eq. (10) can be rewritten as follows,
where we introduced the derivative along the curve ξ ≡ (dx/dt) σ = x σ /t σ . Now, if the expression in the parentheses vanishes,
then Eq. (13) becomes an ordinary (in general nonlinear) differential equation,
In this section we mostly follow the mathematical literature on quasilinear differential equations, see e.g. [30] and [31] .
which holds along the curve σ. Eq. (14) is called the characteristic equation, and the solutions of the characteristic equations ξ are the characteristics. Physically, the characteristic curve describes the propagation of a signal, made of small perturbations, on top of a particular solution.
Note that the signal speed does not coincide in general neither with the group velocity nor phase velocity, since the characteristic curve corresponds to the high-frequency limit ω → ∞. See a relevant discussion, e.g. in [18] . Provided that
which, by use of (11) 
the characteristic equation (14) has two real roots ξ = ξ ± , giving two families of characteristics,
Notice that the condition (15) coincides with the hyperbolicity condition for the k-essence field, see e.g. Ref. [18] . When the expression in the square root is positive, i.e. the characteristic equation has two real roots, the equation is hyperbolic, while two complex roots correspond to an elliptic equation. Thus, provided that the hyperbolicity condition (15) is satisfied, the partial differential equation (10) is now rewritten as a system of four ODEs on t, x, τ and χ as functions of two independent variables σ + and σ − ,
where σ + and σ − are parameters along the characteristics ξ + and ξ − correspondingly, Eq. (17) is simply the definition of characteristics, and Eq. (18) is (13) with (14) taken into account. It is still a complicated problem to analyse the system (17) and (18), but luckily, in our case of a shift-symmetric k-essence field, the problem is simplified. Indeed, note that the equations on τ and χ, i.e. Eq. (18), decouple from the other two equations, Eq. (17), since t and x do not enter Eq. (18) explicitly. Such set of equations is called reducible system [30] . Let us therefore focus on (18) for the moment. By substituting the solution of ξ = ξ ± from (14) and definitions of A and C into Eq. (18), we obtain,
As one can see from (19) , the characteristics Γ ± ≡ (dτ /dχ) ± in the (τ, χ) plane are connected to the characteristics ξ ± in the (t, x) plane in a particularly simple way, Γ + = −ξ − and Γ − = −ξ + . It is worth to note that in the canonical case, L = X, the characteristics are the straight lines ξ can ± = ±1, independently on the value of χ and τ , since the equation of motion is linear. On the contrary, in the non-canonical case, the characteristics depend on the solution. At this point it is convenient to introduce the following quantity,
Using (20), Eq. (16) can be simplified to,
The quantity c s has the meaning of the speed of propagation of small perturbations with respect to the background solution with timelike ∂ µ φ. Indeed, from (21), for a background solution χ = 0, τ = 0 (which, for example, corresponds to a homogeneous cosmological solution), we get ξ ± = ±c s . Similarly, for static solutions, χ = 0, τ = 0, we obtain from (21) ξ ± = ±1/c s . In particular, for the linear theory, L(X) = X, the sound speed is constant, c s = 1, as it can be seen from (20) . It is also convenient to introduce the "velocity" of the k-essence as follows,
The minus sign in (22) is due to the difference of the co-and contravariant components of a vector. With the notations (22), Eq. (21) becomes simply the standard expressions for relativistic addition of velocities. Using (22) , the characteristic equations (21) can be integrated along each of the characteristics,
where,
In the canonical case, Eq. (24) can be easily integrated, and substituting the result in Eq. (23), we obtain,
from which, with the identifications σ ± = t ± x, the standard result of the linear theory follows,
The characteristics for any solution are straight lines both in the real space time and the (τ, χ) plane, as it immediately follows from (21), Γ ± = ∓1. The characteristic curves are not straight lines in a generic k-essence. In particular, Fig. 1 shows the characteristics for L(X) = X + 
Waves in k-essence
The characteristic method is especially convenient in the case of wave propagation in k-essence. In this section we consider particularly simple case of wave solutions, the so called simple waves.
A simple wave is a solution φ(t, x) of (7), that the image of the solution in the (τ, χ) plane fully lies on one characteristic, Γ + or Γ − . A particular interesting physical situation when this happens is the following. In one region of spacetime (t, x) the solution is stationary, i.e.φ and φ ′ are constants. The simplest case of stationary solution is φ = const, whilst a slightly more complicated one is φ = Ct, where C is some constant, the latter can be motivated by cosmological models involving a scalar field. Adjacent to this region, consider another region of spacetime (t, x), where the solution is non stationary, i.e.φ and φ ′ are not constants. This non-stationary (non trivial) solution is a propagating wave. The fact that it is a simple wave can be shown as follows, see Fig. 2 . The region with a stationary solution (while color in the right panel of Fig. 2) is separated from the wave region (grey) by a characteristic line, in this case by ξ + . The family of ξ − characteristics fall in the same characteristic Γ − in the (τ, χ) plane, left panel of Fig. 2 . This property holds because the image of all ξ − characteristics in the stationary region is one pointÃ in the (τ, χ) plane, since in the stationary region τ and χ are constants. At the same time, the image of any ξ + characteristic is a dot in the (τ, χ) plane, e.g.Ã,B,C in Fig. 2 . By continuity, the images of the characteristics ξ − coincide in the wave region, the thick line in the left panel of Fig. 2 , and therefore by definition such a solution is a simple wave. Below we consider wave propagation in k-essence in detail.
The characteristics ξ + passing through the points A and A ′ in Fig. 2 divide the propagating wave from the static (or stationary) state. The solution can have discontinuous second derivatives across these characteristics, and equations of motion are still well defined. This is in contrast to the case of formation of caustics we discuss below, when the first derivatives are also discontinuous at the point of caustics formation.
Travelling wave
We first show that the solution found in [18] for propagating k-essence waves fits a special case of a general simple wave. Notice that the characteristics Γ ± passing through τ = χ = 0 in the (τ, χ) plane are straight lines, Γ ± = ±1. This can be immediately seen from (16) by setting X = 0 and τ = ±χ for ξ ± correspondingly (remember also that Γ + = −ξ − and Γ − = −ξ + ). This is related to the Lorenz invariance of the considered theory. This property is crucial for the solutions found in Ref. [18] to exist. Indeed, let us consider a wave, such that the image of its characteristics lies on Γ 0 − , passing through τ = χ = 0 (we can also take Γ + , of course, but for definiteness we concentrate on the case Γ − ), the pointÃ in Fig. 2 . Since Γ 0 − = −1, we have,
which leads to the wave solution,
This is exactly the solution presented in [18] . Clearly, the other travelling wave also exist,
However a combination of the two is a solution only for the canonical scalar, L = X, while for a nonlinear Lagrangian a sum of φ(t − x) and φ(t + x) is not a solution.
An interesting property of this travelling wave solution is that the ξ + characteristics in (t, x) plane are straight lines with ξ + = 1 everywhere, due to the relation Γ − = −ξ + , see also that the wave keeps its form while propagating (which is also clear from the form of the solution for the travelling wave (28)). Another important consequence is that the speed of perturbations in the direction of wave propagation is constant and it equals to the speed of light, c s = 1. It is interesting to mention that for a theory L = L(φ, X) in the case of initial data close to zero, one can formulate a criterion for the smooth solution to exist globally [28] . It happens that for pure k-essence, this condition is satisfied automatically. Assuming small X, travelling wave solutions may be considered as a particular class of such solutions. On the other hand, more general wave solutions, studied below in Sec. 3.2, do not have small X limit, thus the above condition is violated.
Note also that in a class of k-essence theories with explicit dependence on φ, L = L(φ, X), for which static soliton solutions can be constructed [34] , thanks to symmetry-breaking. In this case any boost of the found solution will formally give a "travelling wave", however, this type of solutions have a different physical origin. 
Generic waves in k-essence. Formation of caustics
The situation described above is a particular case of wave propagation, which requires initial conditions X = 0 as we have seen in the previous section 3.1. The general wave solution violates this condition. In fact, a physical situation leading to X = 0 is quite generic. In particular, a wave propagating on a cosmological background has X = 0. Indeed, for a homogeneous cosmology we have χ = φ ′ = 0, whileφ is generically non-zero, τ = 0 (in k-essence models designed to explain the present-day acceleration of the Universe,φ is necessarily non-zero). For simplicity assume a constantφ, i.e. τ c =const. This assumption does not affect the main result. Consider a propagating wave travelling in the positive x direction. In the (τ, χ) plane, the whole wave lies on the characteristic Γ 0 − , see Fig. 3 , similar to the case considered in section 3.1. The homogeneous cosmology corresponds to the pointC on the left panel and to the white regions on the right panel of Fig. 2 . The wave is shown by the grey color and its image lies on the characteristic Γ 0 − . The characteristics ξ + are straight lines in the (t, x) domain, because each characteristic ξ + collapses to a point in the (τ, χ) plane. However, in contrast to the travelling wave, the slope of a characteristic ξ + now depends on the position, see the right panel of Fig. 3 , therefore the characteristics ξ + , although being straight lines, are not parallel. In particular, in ξ + has different values at the points A, B, C. This is a consequence of the fact that Γ 0 − is not a straight line, see the left panel of Fig. 3 . In particular, Γ − at the pointsÃ,B andC has different values. This has a drastic effect: characteristics intersect (shown by red dots in Fig. 3) , which means the appearance of caustics. At the points of caustic formation, the values of τ and χ are not single-valued, since, two or more characteristics, carrying the same values of τ and χ intersect at one point of space-time. In the left panel of Fig. 3 the two characteristics, passing through A ′ and C intersect in the future, at point D. The values of τ and χ are constants along each of the ξ + characteristics, but ξ(A) = ξ(C).
At the intersection of characteristics (some of) the second derivatives of φ diverge. Indeed, when approaching the point D, the distance δx between characteristics tends to zero, while the difference between χ at different characteristics stays the same, therefore, for example φ ′′ ∼ δχ/δx → ∞. When a caustic forms, Eq. (7) becomes singular and the theory loses predictability.
Thus the caustic formation appears to be a generic feature of the k-essence theories. This can also be seen from the study of the initial data problem. Let t = 0 be the initial data hypersurface, for definiteness. In general, according to the Cauchy problem, two initial conditions must be specified, φ(0, x) = φ 0 (x) andφ(0, x) = φ 1 (x), where φ 0 and φ 1 are arbitrary smooth functions. In the case of a simple wave, the initial conditions are restricted, since, by definition, an image of a simple wave solution fully lies on one characteristic in the (τ, χ) plane. In fact, as it will be clear in a moment, only one of the two initial conditions must be imposed, while the second condition is a consequence of the restriction that we look for is a simple wave. Indeed, having specified the value of φ on the hypersurface t = 0, φ(0, x) = φ 0 (x), one fixes χ = φ ′ 0 (x) at the hypersurface. This immediately implies that τ =φ is also fixed by the definition of a simple wave, see Fig. 3 , and therefore for a simple wave each value of χ uniquely defines τ . In particular, for any simple wave solution (for definiteness, we consider the right-propagating wave), at the hypersurface of initial data, t = 0, the value of the characteristic ξ + (0, x) can be expanded around the particular x = 0 as,
The propagation of the characteristics ξ + is given by straight lines. Then from (30) one can deduce that two characteristics, starting from two different points x 1 and x 2 at t = 0, will collide after certain time, given by
where one assumes that β < 0 (for β > 0 the collision "happens" in the past). For β = 0, the characteristics do not collide, this case was studied in (3.1). It can be seen now that the solution of considered in the previous subsection (3.1) (see also [18] ), corresponds to a special choice of initial conditions. More precisely, a travelling wave of Sec. (3.1) corresponds to a specific choice of the characteristic, which defines the simple wave, namely a characteristic satisfying X = 0. For all other simple waves, for which X = 0, the wave solution changes its shape when propagating, which eventually leads to the caustic formation.
Waves in Galileon
Before extending our study of wave propagation to include higher-order Lagrangians, let us first notice an important property of the wave solutions we considered so far in Sections 3.1 and 3.2. A generic simple wave solution satisfy the following relation,
It is easy to verify (32) for the travelling wave of the section 3.1, due to the simple form of the corresponding solutions, φ(t, x) = f (t − x) or φ(t, x) = f (t + x). For the general wave solution considered in section 3.2, we need to invoke the definition of the general simple wave: it is a solution whose image completely lies on one characteristic in the (τ, χ) plane. For example, the image of the solution shown in Fig. 3 , lies on a certain Γ 0 − characteristic, the one which passes through the pointsÃ,B andC. Using this feature, it is not difficult to get the following chains of relations,φ
Combining (33) we arrive at (32) . This relation, (32), will be crucial for what follows in the rest of this subsection. On the other hand, Eq. (32) is exactly the condition which does not allow to perform a hodograph transformation, and exchange the dependent and independent variables [30] .
As we saw in section 3.2, formation of caustics is rather generic in k-essence. In order to "smooth out" caustics, we can try to modify the action (6) of the theory, by adding extra terms. However, we would like to naturally impose the following restrictions for modifications: i) the resulting equation is of the second order in time, so that the Ostrogradski ghost does not appear; and ii) the Lorentz invariance is preserved. Such theory has been formulated by Horndeski [5] and later was re-descovered in [8] by a generalisation of the "Galileon" [6, 7] (The equivalence between the Galileon and Horndeski theory has been established in [32] ). We need only a part of the Horndeski theory, since we assume that the metric is non-dynamical. Also we restrict our study to the shift-symmetric case, as we did in the case of pure k-essence.
A convenient way to write the galileon action is to use the fully antisymmetric tensor ǫ µνρσ [35] . The galileon Lagrangian can be then written as a sum of the different terms,
where g i (X) are arbitrary functions of the kinetic term. Notice that in the 1 + 1 dimensional motion the terms L 4 and L 5 do not contribute to the equations of motion, because of the antisymmetric nature of the epsilon-tensor: ǫ µνρσ ǫ αβγσ and ǫ µνρσ ǫ αβγδ are zero in the case of two dimension. Therefore the only non-trivial part of the full Horndeski model in the 1 + 1 dimensional motion is given by the Lagrangian L 3 of (34), which can be rewritten as
where G(X) is an arbitrary function of X. The variation of the action S 3 = d 4 xL 3 gives,
It is easy to see that for an ansatz φ = f (x − t) or φ = f (x + t) Eq. (36) is automatically satisfied, therefore a φ = f (x ± t) is a solution for the theory ∼ X + X φ, in accordance with [20] . Moreover, it can be shown the travelling wave φ = f (x ± t) is s solution for the full Horndeski theory as well [22] . Let us see how the presence of the galileon Lagrangians affect the general wave solution we studied in section 3.2. For the general case φ = φ(t, x), Eq. (36) gives, in two dimensions,
It is clear that for φ(t, x) for which (32) holds, the equation of motion for the galileon is identically zero. This means, that the general wave solution which we studied in section 3.2 is also a solution for the generalised galileon theory,
As a consequence of this fact, caustics are a generic feature of the galileon theory as well.
Conclusions
In this paper we studied in detail propagation of waves in 1 + 1 dimensions in the k-essence and the galileon models by the methods of characteristics. We found the following main results:
• We confirmed that for the k-essence and the galileon model the travelling wave solutions (28) and (29) exist, in accordance to previous results in the literature. However, as we have shown in Sec. 3, this travelling wave solutions correspond to fine-tuned initial conditions.
• The general initial conditions for the k-essence model lead to a propagating wave, which does not correspond to a travelling wave. The propagating wave does not preserve its form along its evolution. Eventually for a generic wave the evolution leads to formation of caustics. After a caustic is formed, a solution of the differential equation cannot be continued.
• Any wave solution for the k-essence model (6) is also a solution for the most general shiftsymmetric galileon theory (38), where the k-essence part of the galileon model is the same as in (6).
The above results suggest that both k-essence and the generalised galileon models cannot be considered as fundamental. At the moment when the caustics form, one should give extra input about the theory, which would allow to deal with the solutions at and after formation of caustics. This is similar to the scenario when dust is effectively considered as continuous fluid with the zero speed of sound. When the particle of dust intersect (which correspond to formation of caustics in the fluid approximation), one should abandon the effective fluid description and consider each particle separately. In the case of the generalised galileon (and, as a particular subclass -k-essence), the model should be completed by a some underlying theory, which would allow to resolve the caustic problem (see Appendix for a tentative approach in this direction).
We would like to note that although the study in this paper has been restricted to the case of 1+1 dimensional spacetime, the results we find apply for the 4D spacetime by extending 2D solutions to 4D with the identification φ 4D (t, x, y, z) = φ(t, x).
It should be also stressed that although our results imply that in a generic galileon model there is caustics form, there is a special case of a galileon, for which the problem caustics is avoided in 1 + 1 dimensional motion. Indeed, caustics form when a non-linear K(X) term is present. But, on the other hand, if the k-essence term is canonical, K(X) ∼ X then caustics do not form (in 1+1), independently on the form of other (higher-derivative) galileon terms. This may suggest that galileon models with K(X) ∼ X are healthy. To address this question, however, a study of galileon dynamics in 3D and 4D is required.
In our study we assumed shift-symmetric models. What happens if the dependence on the scalar field itself is allowed? Because the problem of caustics happens when the field develops large derivatives (even infinite), it is safe to assume that the dependence on φ does not affect the main results.
One possible way to avoid the problem of caustics would be to make the metric dynamical. Since at the points where caustics form, the first derivatives of φ experience a jump, the backreaction of the gravitational field may be important at those points, therefore the dynamics of the scalar field must be modified accordingly. Thus the gravitational backreaction may in principle prevent formation of caustics. This question, however, lies beyond the scope of this paper.
Finally, one may adopt a more phenomenological point of view, and provide a practical prescription for treating the galileon model at the location of caustics. In this approach there is no need to resort to an underlying theory for galileon. In particular, one may think of shock waves appearing once caustics form. In this case an extra input is needed to describe propagation of shock waves in galileon, such that it would not conflict with conservation of the energy-momentum tensor. This approach, in fact, may open interesting possibilities for phenomenology of scalar-tensor models: in particular, shock waves in k-essence and galileon may affect the inflation spectrum, and change the picture of reheating at the end of inflation.
